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Based on the mathematical model, the analytical solution of the problem of formation of dendritic liquation
for different configurations of a dendritic cell has been obtained; the use of this solution makes it possible to
optimize melting processes from the viewpoint of the chemical inhomogeneity of ingots and billets.
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Introduction. Crystallization of steel consisting of the basic component (iron), alloying additions (carbon, sili-
con, manganese, and others), and inevitable impurities (sulfur, phosphorus, and others) is accompanied by the enrichment
of the liquid phase with low-melting components. The process of separation diffusion occurs at the phase boundary, i.e.,
on the surface of growing dendrites, and gives rise to chemical inhomogeneity within each dendritic cell. In the literature
[1–3], it is the practice to call this phenomenon dendritic liquation, although the term "microsegregation" is admittedly
more correct. The prefix "micro-" is introduced to distinguish between chemical inhomogeneity within one dendritic cell
and the inhomogeneity of the chemical composition of steel on individual portions of an ingot or a continuously cast
slab (on the axis of the ingot or in its surface layer) — the so-called "macrosegregation."

Review of the Methods of Modelling of the Process of Dendritic Liquation. When dendritic liquation is
theoretically described [1–6], emphasis is given to the process of separation of the alloy components at the phase
boundary (it is allowed for by the equilibrium distribution coefficient k0) and of diffusion of the mixture in the liquid
phase (it is allowed for by the coefficient Dliq). In the present work, in formulating the problem, we take into account
the process of ionic migration in a solidifying melt under the action of certain external factors (e.g., when an electric
current is passed through the melt). The practical significance of allowance for the ionic migration in a melt can be
illustrated with two examples. High-purity metals and semiconductors are used in many currently available technolo-
gies. Impurities are cleaned from the metals in zone melting in an electric field [7, 8]. In so doing, they seek to en-
sure the maximum separation of the impurities from the alloy’s basic component, which is attained by selection of the
corresponding polarity and density of the current. The separation is the most intense in the case of selection of such
a polarity of the current where the direction of migration of impurity ions is coincident with the direction of motion
of the phase boundary. In this case the flow of the low-melting impurity from the phase boundary grows and they can
separate the alloy into the basic component and the low-melting impurity to the maximum possible degree in combi-
nation with intense mixing of the liquid phase. The other example belongs to attempts to diminish the chemical inho-
mogeneity of steel ingots by passing a constant or pulsating electric current [9–12].

It has been shown in [10] that the isolation of sulfur in a solidifying steel ingot is difficult for the inverse
polarity of the electric current (the solid phase is the cathode); the sulfide inclusions in the solidified ingot are of high
dispersity. Thus, in this case they must use such a polarity of the electric field for which the motion of migrating ions
is in opposition to the motion of the phase boundary.

As is shown below, in formulating the corresponding problem of diffusion of impurities in a solidifying melt,
we allow for the ionic migration by introduction of the parameter Vm = ujρ; the polarity of the electric current is de-
termined by the selection of the corresponding sign of Vm.
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In calculating dendritic liquation in solidifying ingots, we must allow for the dimensions and configuration of
a dendritic cell within which diffusion processes occurs. This makes it necessary to determine the structural charac-
teristics (morphology) of dendritic crystallites forming a two-phase zone in the solidifying ingot. The crystallites grow-
ing in solidifying steel ingots are characterized by the presence of the main trunks (axes of first order) and secondary
dendritic branches growing at a right angle to the axes of first order. The regularities of dendritic growth are studied
by special laboratory tests during which such indices of the process of solidification as the rate of growth of dendritic
crystallites R and the total duration of local solidification of steel tf are adjusted within required limits. Such investi-
gations can be exemplified by [13] where the results of investigations of the morphology of dendritic crystallites and
the distance between the axes of second order L as a function of the duration of local solidification tf have been pre-
sented (see Figs. 1 and 2).

Fig. 2. Distances between secondary dendritic branches L vs. duration of local
solidification tf for different steels according to the data of [13]: steel A:
0.59% C and 1.1% Mn; steel C: 0.64% C and 27.7% Mn; steel D: 0.63% C
and 10% Mn; steel E: 0.68% C and 28.3% Mn. L, m; tf, sec.

Fig. 1. Morphology of columnar crystallites in steel containing 0.5% C and 1.1%
Mn for the rate of growth R = 1 mm ⁄ min (a), 4.17 mm ⁄ min (b), and 2 mm ⁄ min
(c) according to the data of [13].
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In theoretical analysis of dendritic liquation, Schwerdtfeger [14] took the melt volume between two neighbor-
ing branches of second order of thickness L as the dendritic cell, as is shown in Fig. 3a; the phase boundary moves
with velocity R in opposition to the x axis.

At the same time, it may be inferred from consideration of the dendritic morphology of steel (Fig. 1) that
low-melting impurities can collect between the dendritic branches of first order. The necessity of refining the parame-
ters of the dendritic cell selected for subsequent theoretical analysis is determined by the fact that the interaxial dis-
tances differ by many times for the axes of first and second orders.

Analytical Solution of the Problem of Formation of Dendritic Liquation. Solution is carried out for two
different configurations of a dendritic cell in the form of a plane layer of thickness L = 2b0 (between secondary
branches of the dendrites) and a cylindrical layer of radius r0 (between primary trunks of the dendritic crystallites).

Diagram No. 1 for the Dendritic Cell in the Form of a Plane Layer of Thickness L. We consider diffusion
processes in a plane layer of a melt which is located between two adjacent plane dendritic branches of second order.
Assuming the symmetry of the concentration field of the impurity, we restrict ourselves to an analysis of the process
of diffusion in the plane layer whose thickness decreases with time with rate R = db ⁄ dt (the vector of the rate R is
directed toward decreasing values of the coordinate x, as is shown in Fig. 3a).

A mathematical formulation of the problem includes the equation of nonstationary diffusion

∂C

∂t
 = Dliq 

∂2
C

∂x
2

(1)

and the boundary conditions

∂C
∂x

 = 0   for   x = 0 , (2)

Dliq 
∂C
∂x

 = VmCliq
∗

 − (Cliq
∗

 − Csol
∗ ) 

db
dt

   for   x = b (t) .
(3)

Introducing the equilibrium distribution coefficients k0 = Csol
∗  ⁄ Cliq

∗ , we represent boundary condition (3) as

Dliq 
∂C
∂x

 = VmCliq
∗

 − (1 − k0) Cliq
∗

 
db
dt

   for   x = b (t) .
(4)

Integrating both sides of Eq. (4) along the coordinate x between the limits from zero to the variable b(t) and
using boundary conditions (2) and (3), we arrive at the ordinary differential equation

d
dt

 ∫ 
0

b

Cdx = VmCliq
∗

 + k0Cliq
∗

 
db
dt

 , (5)

Fig. 3. Diagram of distribution of the impurity concentration within the den-
dritic cell, when the liquid-phase layer is assigned in the form of a plane layer
(a) or a cylindrical layer (b).
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whose solution is obtained, when we assign the initial impurity distribution in the melt

C (x, 0) = C0 (x) . (6)

Further analysis is made in a quasistationary approximation, when the intensity of the external action causing
ionic migration in the melt is assumed to be constant with time. If the external action is achieved by passing an elec-
tric current through a solidifying melt, the quasistationary approximation is reduced to assignment of a time-constant
current density and accordingly a constant value of the parameter Vm.

We are able to find a simplified expression for the impurity-concentration distribution over the cross section
of the liquid phase for the quasistationary approximation. As has been shown in [15], in this case the total duration of
the process of solidification of the dendritic cell is subdivided into two periods: the initial period (t0) and the regular
one (tr); for the latter, the impurity-concentration distribution over the cross section of the liquid phase can be repre-
sented by the parabolic equation

C (x, t) = a0 + a2x
2
 . (7)

The distribution (7) yields the relation

D 
∂C
∂x

⎪
⎪
⎪x=b

 = 2a2Db (t) . (8)

Setting the right-hand sides of relations (4) and (8), equal to each other, we obtain an expression for the coefficient a2:

a2 = 
VmCliq

∗

2bD
 − 

1 − k0

2D
 Cliq

∗
 
1

b
 
db
dt

 . (9)

We express the coefficient a0 from the distribution (7) with account for relation (9) and the formula C(b, t) = Cliq
∗ :

a0 = Cliq
∗

 + 
1 − k0

2D
 b 

db

dt
 Cliq

∗
 − b 

VmCliq
∗

2D
 . (10)

We simplify the formation of the problem, using the assumption that the total duration of solidification for the
local portion of the two-phase zone of the solidifying ingots tf is known; the thickening of the dendritic branch with
time obeys the linear law

b (t) = b0 
⎛
⎜
⎝
1 − 

t
tf

⎞
⎟
⎠
 . (11)

We introduce the dimensionless variables

K = 
1 − k0

3
 ,   P = 

b0R
Dliq

 ,   V = 
Vm
R

 ,   F = 
t

tf
 , (12)

where the rate of thickening of dendritic branches is R = −db ⁄ dt = b0
 ⁄ tf.

Substituting the distribution (7), which is true for the regular regime under the integration sign in Eq. (5), and
using the dimensionless numbers (12), we obtain an ordinary differential equation for the variable Cliq

∗ :

dCliq
∗

dF
 = G (t) Cliq

∗
 , (13)

where the time function is
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G (t) = 

[3 − 2P (1 − F)] 
⎛
⎜
⎝
K + 

V
3

⎞
⎟
⎠

1 − F − P (1 − F)2
 
⎛
⎜
⎝
K + 

V
3

⎞
⎟
⎠

 . (14)

Integrating Eq. (13) with the initial condition Cliq
∗  = C0, we obtain the time change in the maximum concen-

tration of the impurity at the phase boundary Cliq
∗ (t). Knowing the function Cliq

∗ , we can determine, using (7), the time
change in the impurity concentration average over the cross section of the liquid phase

C
__

 = Cliq
∗

 
⎡
⎢
⎣
1 − P (1 − F) 

⎛
⎜
⎝
K + 

V
3

⎞
⎟
⎠

⎤
⎥
⎦

(15)

and the difference in the impurity concentration over the liquid-phase cross section

ΔC = 0.5Cliq
∗

 P (1 − F) (V + 3K) . (16)

Diagram No. 2 for the Dendritic Cell in the Form of a Cylindrical (Circular) Layer of Radius r0. A mathe-
matical formulation of the problem for a cylindrical layer is determined by the system of equations

∂C

∂t
 = Dliq 

⎛
⎜
⎝

∂2
C

∂r
2  + 

1

r
 
∂C

∂r

⎞
⎟
⎠
 , (17)

∂C
∂r

 = 0   for   r = 0 ,
(18)

Dliq 
∂C
∂r

 = VmCliq
∗

 − (1 − k0) Cliq
∗

 
db
dt

   for   r = b (t) .
(19)

Integrating both sides of Eq. (17) along the radius r between the limits from zero to b(t), we obtain

d
dt

 ∫ 
0

b

Cdr − C (b, t) db
dt

 = Dliq 
⎪
⎪
⎪

∂C
∂r

⎪
⎪
⎪r=b

 − Dliq ∫ 
0

b
1
r

 
∂C
∂r

 dr . (20)

We take C(r, t) = a0 + a2r2, where the coefficients a0 and a2 are determined, as previously, by relations (9)
and (10), and substitute the resulting distribution of the impurity concentration into the balance equation (20). After
simple manipulations, we reduce Eq. (20) to the form

dCliq
∗

dF
 = H (t) Cliq

∗
 , (21)

where the function H(t) is determined by the relation

H (t) = 

3K + V − P (1 − F) 
⎛
⎜
⎝
K + 

V
3

⎞
⎟
⎠

(1 − F) [1 − P (1 − F) (K + V)]

(22)

on retention of the notation of (12) for dimensionless variables K, V, P, and F.
The differential equation (21) is integrated, when the initial condition
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Cliq
∗

 = C0   for   F = 0

is specified. We give results of integration of Eqs. (13) and (21) for dendritic cells of plane and cylindrical shapes as
a time change in the concentration of two elements: manganese and sulfur.

Figure 4a gives the change in the concentration of manganese in a plane molten layer between two dendritic
branches of thickness 0.006 cm as a function of the relative time F for three values of the relative rate of ionic mi-
gration: V = 0, –0.1, and +0.1. The coefficient of diffusion of manganese in the iron melt was taken to be 3.3⋅10−5

cm2 ⁄ sec according to the data of [14, 16]; the equilibrium distribution coefficient was k0 = 0.75. The initial concen-
tration of manganese was 2.0%; the local solidification time was 120 sec. It follows from the figure that the maximum
concentration of manganese at the phase boundary grows from 2.0 to 3.52% at t = 0.9tf in the absence of ionic mi-
gration. In the case of the migration of manganese irons in the direction of the solid crust (for V > 0), the maximum
concentration Cliq

∗  increases by nearly 28% at t = 0.9tf; in reverse ionic motion (from the phase boundary toward the
axis of symmetry of the cell), the manganese concentration diminishes by the same degree.

Figure 4b gives the change in the concentration of sulfur in a plane layer of thickness 0.006 cm from an initial
concentration of 0.04% with growth in the t ⁄ tf ratio from zero to 0.9, when the characteristic properties of the solution
of sulfur in the iron melt (Dliq = 3.9⋅10−5 cm2 ⁄ sec, according to the data of [14, 16]) are assigned. As is seen from
the figure, the concentration of sulfur grows from 0.04 to 0.38% i.e., nearly 10 times, with time in the absence of
ionic migration, which is a consequence of the low value of the equilibrium distribution coefficient.

Fig. 5. Influence of the rate of ionic migration Vm on the distribution of the
sulfur concentration Cliq(S) along the radius of the dendritic cell on assign-
ment of C0(S) = 0.04%, k0 = 0.015, and Dliq(S) = 3.8⋅10−4 cm ⁄ sec: 1) Vm = 0,
2) 0.1, 3) 0.3, and 4) 0.5. Cliq(S), %.

Fig. 4. Distribution of manganese (a) and sulfur (b) over the cross section of
the dendritic cell by the instant of solidification of 90% of the molten steel
containing 2.0% Mn and 0.04% S on assignment of different k0 and Dliq
(from the data of [14, 16]) and for several values of the rate of ionic migra-
tion: 1) Vm = +0.1, 2) 0, and 3) −0.1 (a) k0 = 0.75 and Dliq = 3.3⋅10−5

cm2 ⁄ sec; b) k0 = 0.015 and Dliq = 3.8⋅10−5 cm2 ⁄ sec). Cliq, %.
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The migration of sulfur ions in the positive direction (when V= 0.1 is assigned) is accompanied by a growth
in the impurity concentration at the phase boundary from 0.38 to 0.49%, i.e., of nearly 28%, as in the case of man-
ganese (see above); in ionic migration in the opposite direction, we observe a reduction in the maximum concentration
of sulfur to the same degree.

The character of growth in the concentration at the phase boundary with the rate of sulfur-ion migration is
exemplified by the solidification of a cylindrically shaped dendritic cell with a change in the parameter Vm from zero
to 0.5, when b0 = 0.003 cm and tf = 120 sec are assigned (see Fig. 5).

As has been noted above, the cell of a cylindrical shape, according to the diagram in Fig. 3b, corresponds to
the formation of dendritic liquation in the space between the axes of first order to a greater extent than the plane cell.
The dimension of the cell (2r0) may be one or two orders of magnitude larger than the distance L between the den-
dritic branches of second order.

Figure 6 shows the influence of the dimension of the cylindrical cell (within 0.03–0.125 cm) on the character of
change in the dendritic liquation of manganese (when Dliq = 3.3⋅10−5 cm2 ⁄ sec, k0 = 0.75, and tf = 120 sec are assigned.)

The degree of dendritic liquation decreases with increase in the dimension of the cell (or in the rate of thick-
ening of dendritic trunks of first order), which is attributed to the reduction in the intensity of diffusion processes in
the dendritic cell).

CONCLUSIONS

1. We have posed and mathematically formulated the problem on the development of dendritic liquation in the
space between the axes of first and second orders with allowance for ionic migration under the influence of the exter-
nal force, e.g., when an electric current is passed through a solidifying melt.

2. We have obtained the analytical solution of the problem for a dendritic cell of the two simplest configura-
tions under the assumption of quasistationarity of external actions (when the electric current of constant density is
used). The local melt-solidification time determined during special experiments or on the basis of numerical solution
of the problem on the dynamics of solidification of an ingot is assumed to be known.

3. The proposed solutions of the problem make it possible to evaluate the degree of development of the den-
dritic liquation (microsegregation) of the impurity in the steel ingot in the presence of external actions contributing to
the migration of ions of the alloy components or the impurities and may work for optimization of the regimes of
cleaning of metals by the method of zone melting or with an electric current to reduce the level of chemical inhomo-
geneity of commercial steel ingots.

Fig. 6. Influence of the initial thickness of a dendritic branch b0 and the so-
lidification rate R on the distribution of the manganese concentration along the
radius of the cylindrical cell on assignment of C0(Mn) = 2.0%, k0 = 0.75, and
Dliq(Mn) = 3.3⋅10−4 cm2 ⁄ sec: 1) b0 = 0.030 and R = 2.5⋅10−4, 2) 0.075 and
6.3⋅10−4, 3) 0.100 and 8.3⋅10−4, and 4) 0.125 cm and 10.4⋅10−4 cm ⁄ sec.
Cliq(Mn), %.
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NOTATION

ai, dimensionless coefficients; b0 and b, initial and running thickness of a dendritic branch, m; C, concentra-
tion of the impurity, %; D, coefficient of diffusion of the impurity in the liquid phase, m2 ⁄ sec; H(t), dimensionless
variable; j, electric-current density, A ⁄ m2; k0, equilibrium coefficient of distribution of the impurity; L, thickness of the
plane layer between secondary dendritic branches, m; R, rate of growth of dendritic crystallites, m ⁄ sec; r , radius of
the cylindrical layer, m; t, running time, sec; tf, total duration of local solidification of steel, sec; u, ionic mobility,
V ⁄ (m2⋅sec); Vm, parameter allowing for ionic migration; x, running coordinate, m; ρ, electrical resistance of the melt,
Ω⋅m. Subscripts: 0, initial; f, final; r, regular; *, equilibrium; liq, liquid phase; sol, solid phase; m, migration.
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